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ABSTRACT 
 
Water Adsorption on Aggregates of Spherical Aerosol Nano Particles. (August 2005) 
Chu Nie, B.S., Nanjing University 
Chair of Advisory Committee: Dr. William H. Marlow 
 
 A three dimensional integral equation is developed in order to compute water adsorption 
onto aggregates of spherical aerosol nano particles.  The integral equation is derived from 
molecular density functional theory, with a weighted density approximation and a direct 
correlation function interpolation rule.  Only required inputs are the direct correlation functions of 
the uniform fluid or gas at both high-density and low-density limits.  The equation has been tested 
on argon adsorption onto a graphite planer substrate; the result corresponds well with previous 
simulation work. 
Adsorption of both noble gas and water onto a single spherical nano particle and 
aggregates of spherical nano particles has been computed with the developed equation.  For the 
adsorption of a single spherical substrate, layer structure has been found, the adsorption shows a 
transition property when substrate size increases and when the substrate size is over 100Å the 
adsorption is nearly the same as that of a planer substrate. 
 For adsorption of aggregates of spherical nano particles, not only much strong adsorption 
appears but also adsorption property changes with different configurations of spherical nano 
particles. 
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CHAPTER I 
 
INTRODUCTION 
An important but poorly understood fraction of the atmospheric aerosol is solid, nano-
meter range particles including those produced in combustion of fossil fuels and in many 
industrial processes.  Indeed, detailed electron microscopic examinations have revealed that they 
are usually aggregates comprised of adhering, spherical nanoparticles.  While issues of water 
uptake by these aggregate particles are central to understanding their roles in air chemistry, 
visibility degradation, human respiratory system exposure, cloud condensation nucleation, and 
elsewhere, the technical literature does not provide guidance for addressing these questions as it 
does for large particles. 
The structures of aggregate particles may well be important in urban and regional air 
chemistry for several reasons.  Firstly is the exposure of surfaces that facilitate many chemical 
reactions.  For high fractal dimension particles D~3, because the interior surface of the aggregate 
is no longer directly exposed to the background gas, this structure can be expected to show lower 
heterogeneous reactivity than for particles with D≤2.  A second set of important properties of 
aggregate particles affected by its structure are those of its transport.  Since drag and diffusivity 
largely govern respiratory deposition, particle structure including condensed water therefore will 
significantly affect regional deposition in the respiratory tract and, consequently, the health 
effects of urban and regional air pollution.  These same transport properties are also critical in 
atmospheric dry and wet deposition of the aerosol particles and for clean up of process-gas 
emissions to the atmosphere.  Details of respiratory deposition are particularly important for 
carbonaceous aggregate particles because they are generally associated with the semi-volatile 
organic compounds and other biologically active molecular species identified with the harmful  
____________________ 
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health impact of air pollution.  A third important way that the aggregate particle structure can 
affect urban and regional environment is via visibility and the related question of cloud 
nucleation. Depending upon the amount the water, the aggregate will contribute to visibility 
degradation or other background haze.  Alternatively, aggregates can serve as cloud condensation 
nuclei even at relatively low humidity.  Consequently, these particles will be important 
contributors to the depletion of gas phase water from the atmosphere in cities and the surrounding 
regions and therefore to the complex of issues of meteorology on the urban and regional scale 
including such questions as non precipitating clouds and the urban heat island.  These numerous 
effects of aggregate particle structure argue for the development of a detailed understanding of 
the factors affecting them.  
 In the macroscopic case, the equilibrium vapor pressure of water over a surface is a 
function of the thermodynamic free energies and entropies of the water in the vapor and 
condensed, or surface, phases.  In the macroscopic or continuum treatment of substrate coverage 
by condensate, a widely used formalism of equilibrium thermodynamics (Refs. [1, 2]) is to 
calculate the vapor pressure over a condensate droplet on the substrate surface.  Then, 
condensation is thermodynamically favored when total interfacial energy loss due to growth of 
the droplet exceeds the heat gain resulting from entropy loss associated with condensation.  No 
accounting is made for thin or thick films and, as in the Kelvin equation (Ref. [3]); the Laplace 
description of differential pressure across a curved condensate gas surface (Ref. [4]) is used.  
Provided the substrate particle is much larger than the condensate molecule, and other dimensions 
and conditions are suitable for use of experimentally determined, static contact angles, this 
approach can be useful for particles of radii on the order of or larger than 50 nm. 
 For particulate substrates in the small nanometer range, a number of crucial differences 
from the macroscopic case can be identified.  Substrate coverage by condensate is not adequately 
described as continuous in the same sense as for a macroscopic substrate where coverage can be 
averaged over areas that are significantly larger than the 0.5-1 nanometer domains where 
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condensate clustering and discontinuity occur.  This averaging rationalizes the sequence of partial 
coverage to full coverage to multi-layer coverage of the substrate in the continuum picture but is 
not meaningful where the substrate itself changes significantly over distances of a small number 
of nanometers.  In the macroscopic picture derived from the equilibrium of a droplet on a surface, 
as described above, local multi-layers are effectively assumed from the outset.  This assumption 
has been applied to the calculation of the equilibrium vapor pressure over the pendular ring of 
condensation between two adhering, macroscopic spheres (Ref. [2]).  In addition, the interaction 
of monolayer condensate adsorption with the macroscopic particulate substrate is defined in 
relation to the macroscopic planar reference state.  In contrast, the interaction energy of 
condensate and substrate for nanometer substrate spheres is dependent upon particle radius (Ref. 
[5]), an effect that has not yet been adequately explored for either monolayers or for higher 
coverage.  Finally, for adhering, nanometer spheres, and the accessibility to water molecules of 
the interstitial zone between the spheres is not entirely clear.  When the substrate size comes to 
the nanometer range, the word “density distribution” is a more precise terminology instead of 
vapor pressure because the macroscopic picture fails. 
In the former study (Ref. [6]), Monte Carlo simulations of the interaction energies of a 
nominal mono layer of water on a plane surface and on 1, 1.5 and 2nm radius spheres for which 
the substrate material interacted with the water via Van der Waals potential (Ref. [7]) expected of 
tetradecane.  Those calculations showed the effect of substrate particle size on the interaction 
energy between condensate and substrate and the consequences of the resultant size dependence 
on the structuring of water on the substrate.  But sufficient calculations were not conducted to 
show in useful detail the transition of water-substrate attraction energy from small sphere to 
plane.  Therefore, no film information was derived to indicate when the macroscopic picture 
would be adequate, according to interaction energy and associated condensate structure criteria.  
Moreover, Monte Carlo method is not a determinant method and has limitations in predicting the 
properties of such interacting system with complicated geometries.  
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Generally speaking, there may be several factors that affect the water uptake by the 
substrate particles, such as temperature, size, adsorption type (physical adsorption and chemical 
adsorption), and surface type of the substrate (water-soluble or not).  Since in this work the size 
effects are emphasized, we set the other conditions to be the simplest ones.  The adsorption is 
physical adsorption and the surface is not water-soluble.  The advantage of this approach is to put 
the physical nature of the model in the primary place.  Once we understand the size effects, we 
can add the other factors into the problem. 
 To complete the translation of the vapor related problem from the macroscopic to the 
microscopic picture, an integral equation method will be developed.  This method will be used to   
calculate the density distribution functions around a nanoparticle and nanoparticle aggregates, 
especially for nanoparticles with radii smaller than 5nm.  With the integral equation method, the 
effects of size on the distribution of water around both a single nano-sphere and nanoparticle 
aggregates will be computationally described for ultra fine particles representative of those 
produced by combustion. Then a complete picture of the water uptake by a substrate problem can 
be obtained from the macroscopic case to the microscopic case. 
 A summary of the background information related to this research problem will be given 
in Chapter II. This information will include some of the basics on vapor pressure over the 
macroscopic particles and the density distribution function around the microscopic particles.  
Also, the development of the van der Waals energy theory and the integral equation theory for 
solving the density distribution function will be reviewed in Chapter II. Methodology will be 
described in Chapter III. Chapter IV will show the results of noble gas adsorption onto the nano 
sphere aggregates obtained from the integral equation theory.  Chapter V will show the result of 
water adsorption onto the nano sphere aggregates.  Chapter VI gives the conclusion. 
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CHAPTER II 
 
LITERATURE REVIEW 
II.1. The Macroscopic Theory 
 The vapor pressure over a substrate is of importance in many fields.  Generally it relates 
to the homogenous and heterogeneous nucleation of super cooled or supersaturated solutions by 
foreign particles.  The dependence of nucleation efficiency on the size and surface properties of 
the nucleating particles has been investigated extensively.  Previously, people used the spherical 
potential between the substrate and the gas molecule.  However, the non-spherical interaction 
between the substrate and the water molecules is involved in heterogeneous nucleation.  For 
example, a water cap may forms on a spherical particle due to the existence of some soluble 
species on the surface of the particle or activated oxidized sites on an imperfect surface and a 
pendular ring may be found between two spherical particles in contact.  For the spherical particles 
whose radii are over 10nm, the macroscopic treatment is able to provide the information on the 
equilibrium pressure over a single one or aggregate of them. 
II.1.1. The Kelvin Equation 
 Consider a closed system of fixed volume maintained at a constant temperature.  Imagine 
a liquid phase of arbitrary shape within the volume but not filling it and in equilibrium with its 
vapor.  Gravity is neglected and the liquid is assumed not in contact with anything other than 
vapor, which means the surface phase is the liquid-vapor interface. Since the system has volume 
and temperature constant, equilibrium will be indicated by a minimum value of the Helmholtz 
free energy, F (Ref. [3]). 
   ∑++−−=
i
ii dndAPdVSdTdF µγ .                                                                 (2.1) 
Where is the entropy, and S P is the pressure, γ is the surface tension, µ is the chemical 
potential.  Consider the liquid and vapor phase separately, 
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 ∑++−=
i
i
l
i
ll
l
l dndAdVPdF µγ                                                                        (2.2) 
                                                                             (2.3) ∑+−=
i
i
g
i
gggg dndVPdF µ
Since any change in the volume of the gas or liquid must come from the other as well as any 
change in the number molecules, 
   gdV −=                   (2.4) ldV
                                 (2.5) gl dndn −=
Therefore 
  ilµ∑ (               (2.6) dAdVPPdn lglilig
i
γµ −−=− )()
For one component, 
                      

−

−=−
n
A
n
VPP
l
glgl
δ
δγδ
δµµ )(                       (2.7) 
Since  lll dPVd =µ  where lll nV /=V  
   ∫ l dP                (2.8) −=
lP
P
llll PTPTV
*
),(),( *µµ
Where *P denotes the normal vapor pressure. 
At equilibrium the relation  holds. Then ),(),( *** pTpT gl µµ =
                   

+

−−=− ∫ nAnVPPdPVPTPT
l
gl
P
P
llggg
l
δ
δγδ
δµµ )(),(),(
*
**                    (2.9) 
If the interface is characterized by two principle radii of curvature, r  and  taken within the 
liquid phase 
1 2r
    
21
11
rrV
A +=δ
δ                   (2.10) 
Also at equilibrium, all forces must balance. 
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  


 +=−
21
11
rr
PP gl γ                 (2.11) 
Above two equations give the result 
( gllllll PPVArrVAnVVAnA −=


 +

=




=


δ
δ
δ
δγδ
δ
δ
δγδ
δγ
21
11 )                         (2.12) 
 Now to relate chemical potential to vapor pressure and assume the vapor obeys the ideal gas state 
equation, 
  ∫==−
lP
P
lggg dPVPPRTPP
*
)/ln()() ***µg (µ                                                  (2.13) 
Suppose lV is constant over the pressure from lP to *P , 
     )()/ln( * PPPVPPRT gllg ∆+−=                                                                    (2.14) 
Where glg PPPPP −<<−= *∆ .  Thus  
 


 +=


 +=
2121
* 1111)/ln(
rr
M
rr
VPPRT
l
rlg
ρ
γγ .                                            (2.15)  
II.1.2. Fletcher’s Theory 
Assume the nucleating particle is a sphere.  As plotted in Fig. 1 in [1], let the vapor phase be 
represented by subscript 1, the water cap by 2, and the substrate by 3.  If we denote volume by 
and surface area by , then the free energy of formation of a water cap of radius V S r  on a 
substrate of radius R  is 
           23132312122 )( SSVGG v σσσ −++∆=∆                                                             (2.16) 
Where ∆  is the free energy difference per unit volume of phase 2 between matter in state 1, 
and 
vG
ijσ  is the surface free energy of interface between phases i and . j
 To evaluate the critical free energy  require  *G∆
     0=∂
∂
r
G                    (2.17) 
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Together with  
             .                                                                                             (2.18) vGr ∆−= /2 12* σ
Let   */ rRx =
The free energy of formation of a water cap is 
  ),(
)(3
8
2
3
12* xmf
G
G
v∆
πσ=∆                                                                                    (2.19) 
Where 
      


 −−+






 −+


 −−+


 −+= 133211),( 2
3
3
3
g
mxmx
g
mx
g
mxx
g
mxxmf          (2.20) 
And      
                  2
1
2 )21( mxxg −+= .                                                          (2.21) 
When it reduces to the homogeneous nucleation. 0=x
We also have 
                        
)log604.41.60(
),(
3
8
10
3
12 RkT
xmfGv +=∆ σ
π .                                                        (2.22) 
If the liquid is assumed uncompressible and the vapor is an ideal gas 







 −=∆
∞P
P
V
kTG
l
v log                                     (2.23) 
Where V  is the volume of water molecules in the bulk liquid. l
 Fletcher [1] obtained curves of nucleation efficiency as a function of particle size by using the 
above expression.  He found that the size effect becomes important in the range 100  of 
particle radius but small for particles greater than 1000 . 
Å1000−
Å
II.1.3. Crouzet and Marlow’s Theory 
The meniscus formed at the point of contact of a sphere with a plane is an intermediate 
case for the sphere-sphere geometry.  Take  
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                        const
rr
H =+=
21
11                       (2.24) 
where  and r are the principle radii of curvature of the condensate, measured from within the 
liquid phase.  For an axisymmetric geometry, Eq. (2.24) becomes 
1r 2
          
2
1
22
3
2
22
])/(1[
/
])/(1[
/2
drdzr
drdz
drdz
drzdH
+
+
+
=                    (2.25) 
Where ( are the cylindrical coordinates as depicted in Fig. 2 in [2].  If ), zr
                        
R
rx =  , and 
R
zz =                                                           (2.26) 
    εsin−=u                  (2.27) 
Where ε is the angle made by the local perpendicular to the profile with axis. z
     
x
u
dx
duHR −−=2                 (2.28) 
     ψsin=sx , ψcos1−=sy , )sin( ψθ +−= ssu              (2.29)  
                         u0=py )sin( pp θπ −−=                      (2.30) 
After steps of manipulations 
      
HR
cuux
2
2 +±−=                 (2.31) 
                          du
cuu
u
u
u
HR
y
u
u p∫ 



+−
±
−
=
))(1(12
1
222
                   (2.32) 
Where 
                           )]sin(sin[sin4 1 ψθψψ +−= HRHRc                     (2.33) 
And finally 
         du
cuu
u
u
u
y
HR
u
us p
∫ 



+−
±
−
=
))(1(1
12
222
                       (2.34) 
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For general case of two spheres, the final result looks like this 
      
1
22
12
22
2
11112222
sinsin
)sin(sin)sin(sin
ψψ
ψθψψθψ
RR
RR
H −
+−+=              (2.35) 
Eq. (2.35) cannot be solved directly; Crouzet and Marlow [2] used iteration methods to solve 
those two equations.  The process is initiated by specifying 1Ψ  and calculating the corresponding 
mean curvature H  and filling angle 2Ψ .  Since the problem has been solved for a sphere in 
contact with a plane, the method takes advantage of early results and divides the meniscus profile 
into two half-profiles, thereby reducing the problem to two sphere-plane problems.  
Consequently, these two half-profiles are searched in such a fashion that at the end of the 
iterations, when convergence criteria are met, they join at the plane and form together the 
complete profile of meniscus between the particles.  With the solution of (2.35), the vapor 
pressure can be connected to the curvature with the Kelvin equation 
    


== H
RT
M
P
P
S
l
rH
ρ
γ lg
0
exp                (2.36) 
They found that if the contact angle is greater than 90 degrees, condensation is 
thermodynamically possible only under conditions of super saturation; two spherical structures 
are not favorable for condensation growth.  Conversely, for contact angles smaller 90 degrees, the 
divergence to infinite negative values at small filling angles suggests that a small pendular ring 
could always exist in equilibrium, even at very low sub saturation levels. Then, starting from a 
small amount of liquid already present in the interstitial region between the two particles and 
follow its evolution as the vapor pressure slowly increases.   
II.1.4. Xie and Marlow’s Theory 
 Xie and Marlow [8] used the tabulated data of activity of water over sulfuric acid 
solutions and the solution density to determine the contact angle of surface liquid residing on 
substrate spheres for different configurations.  Their method is in this way: by giving the trial 
contact angle, the trial maximum curvature H can be determined.  Then calculated the pendular 
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volume and determine the pendular ring interface composition by assuming a given fixed number 
of sulfuric acid molecules in this volume.  Assume Young’s equation 
cslsg θσσσ coslg=−                (2.37) 
is always correct in the macroscopic domain, with the sulfuric acid weight percentage of the 
solution the solution density and surface tension lgσ can be determined by using the interpolation 
programs for surface tension and density of sulfuric acid.  Then a new contact angle can be 
obtained.  The procedure is repeated until all quantities satisfy Young’s equation.  
 Their calculation showed that for the same contact angle, the calculation indicates that 
the pendular ring formed on two macroscopic spheres is more favorable for condensation than the 
single spherical cap formed on a sphere, whether the interface liquid is water or sulfuric acid 
solution.  Particularly, their calculations indicate the condensational growth of a sphere with a 
surface deposit of sulfuric acid is distinctly limited for sub saturation relative humidity. The 
equilibrium vapor pressure of water over sulfuric acid solution is lower than over pure water for 
either geometric configuration, if all the other conditions are same.  Consequently, the solution 
effect enhances condensation.  They also found that the volumes in both geometric configurations 
are very different since the pendular ring holds a much greater volume of liquid than the single 
cap does.  
II.2. The Integral Equation Theory 
The Ornstein-Zernike equation (OZ equation) (2.38) was first introduced into statistical 
mechanical theory by Ornstein and Zernike in connection with the theory of fluctuations.  In 
recent years progress has been made in treating uniform liquids and non-uniform liquids. 
∑∫
=
+=
ba
bababa qdqqcqqhqqqcqqh
,
332
),(
31
),(
3
)(
21
),(
21
),( ),(),()(),(),(
α
αααρ rrrrrrrrrr       (2.38) 
Where ),( 21
),( qqh ba rr is the total correlation function and c ),( 21),( qqba
rr is the direct correlation 
function, denotes the different species of molecules and qba, i
v  stands for the coordinates of the 
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molecule including the orientational coordinates, is the density of different species 
molecules.  The OZ equation must be solved together with an approximation equation called the 
closure equation.  Generally there are three kinds of approximations for the non-uniform case, 
namely the mean spherical approximation, the convoluted hypernetted approximation and Percus-
Yevick (PY) approximation. 
i
)
)(αρ
1≤
uc β−=)2(                                (Mean spherical approximation)                           (2.39) 
ughc β−−= )2()2()2( ln          (Convoluted hypernetted approximation)             (2.40) 
)]exp(1[)2()2( ugc β−=           (PY approximation)                                               (2.41) 
where is the direct correlation function, is the total correlation function, is the radial 
distribution function, and u is the potential between two molecules. 
2(c )2(h )2(g
II.2.1. Solution of the OZ Equation of Some Types 
The OZ equation by PY approximation has been exactly solved for hard spheres.  In PY 
approximation,  vanishes outside the hard-sphere diameter, and g  vanishes inside this 
domain.  It is to be noted that MS and PY approximation are formally equivalent for this case.  
Solution of OZ equation involves transformation to bipolar coordinates and Laplace 
transformation of the resulting equations.  The hard-sphere pair correlation function obtained can 
be written as 
)2(c )2(
                        (2.42) 1
)2( ac −= 0<r
    3121
)2(
2
16 rzraac aa ηη −−−=    0 < r               (2.43) 
                        0)2( =c 1>r                (2.44) 
Where 
                     (2.45) 421 )1/()21( aaa ηη −+=
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     422 )1/()2
11( aaa ηη −+−=                  (2.46) 
                      (2.47) 6/3aaa σπρη =
where aσ is the hard sphere diameter. 
 The pair correlation can be written in the form of a Laplace transformation as 
                  (2.48) ∫ +== − )]()([2/)()())(( )2( tLetSttLdrerrgtrgL tart η
With 
     ]21)
2
11[(12)( aaa ttL ηηη +++=                (2.49) 
And 
                 (2.50) )21(1218)1(6)1()( 2232 aaaaaa ttttS ηηηηηη +−+−+−=
Inversion of Eq. (2.48) involves integration in the complex plane and the result is not 
straightforward.  Nevertheless a hard-sphere, uniform fluid g can be calculated fairly readily 
(Ref. [9]).  
)2(
 Wertheim [10] suggested a method to solve the mean spherical model for fluids of hard 
spheres with permanent electric dipole moments exactly.  In his treatment, the intermolecular 
potential is written like this 
          V )]())((3[)12( 2121
232 ssrsrsrrm vvvvvv ⋅−⋅⋅−= −−                                            (2.51) 
Where is the dipole moment, sm i
v  is a unit vector in the direction of the dipole moment of 
molecule i , and 21 rrr
vvv −= .  He selected three basis functions 
                         (2.52) 1)12( =I
          21)12( ss
vv ⋅=∆                                                                                                    (2.53.a) 
       ))((3)12( 21
2 rsrsrD vvvv ⋅⋅= −                   (2.53.b) 
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In fact these base functions are the combinations of the first three components of the 
generalized spherical harmonics.  Then and can be expanded on the basis functions,  )12(h )12(c
   )12()()12()()12()()12( ∆++= ∆ rhDrhIrhh Ds                        (2.54) 
            )12()()12()()12()()12( ∆++= ∆ rcDrcIrc Dsc                    (2.55) 
Together with some certain boundary conditions, h and can be analytically expressed. )12( )12(c
 Blum (Refs. [11-13]) obtained a partial solution for the mean spherical model of neutral 
spheres with electrostatic interactions.  The main idea of his method is to expand h and c  
function in the form of generalized spherical harmonics. 
)2( )2(
           ∑ ΩΩΦ=
µν
µνµν
,
12211221 )ˆ,,()(),(
mnl
mnlmnl RRhrrh vv                      (2.56) 
           ∑ ΩΩΦ=
µν
µνµν
,
12211221 )ˆ,,()(),(
mnl
mnlmnl RRcrrc vv                                (2.57) 
Where ,, iii RX Ω=
vv
iR
v
is the position of molecule i , and iiii γβα ,,=Ω , are Euler angles for the 
orientation of molecule i .  The rotational invariants are defined by )ˆ,, 1221 RΩΩ(Φ
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            (2.58) 
With the general notation for the Wigner j−3 symbols and generalized spherical harmonics. 
After the three dimensional Fourier transformation, 
     ),,(),,(
8
1),,(),,( 2331322121 khkcdkckh
vvvv ωωρωωωπωωωω ∫+=            (2.59) 
Then a set of algebraic equations are found, 
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              (2.60) 
After another Fourier transformation, h can be obtained. )(rmnlµν
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The solution was given in terms of a linear transformation of the direct correlation 
function, which was a polynomial in r  inside the hardcore diameter.  The coefficients of this 
polynomial were determined from a set of boundary conditions.  The method, in principle can 
solve the problem, but the computational job left is nearly impossible to complete.  Only for 
simple cases, such as linear dipole and quadruples, it is possible to find the complete solution. 
 Steven et al. [14] followed Blum’s way to examine the solution of OZ equations for the 
correlation functions of a fluid mixture in which the molecular interactions consist of a hard 
sphere plus a multipole that contained columbic, dipolar as well as quadrupolar terms, but there 
existed differences in their derivations.  They also obtained an analytic solution of a pure 
tetrahedral quadrupolar hard sphere fluid in the MSA.  The significance of the work lies in that a 
tetrahedral quadrapole tensor can be used to represent the quadrapole tensor of water.  And a 
quadrapole tensor is in the form of                                                                             
             .                                 (2.61) 





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000
00
00
T
T
T θ
θ
θ
Such a quadrapole tensor can be obtained by putting two positive charges and two negative 
charges of equal magnitude at the vertices of a rectangular tetrahedron.  
II.2.2. HNC Approximation 
 In recent years, the HNC approximation is one of the most successful and widely used 
integral equation theories for liquids and solutions.  Partial differentiation of Eq. (2.40) (Ref. 
[15]) 
       
r
u
r
g
gr
h
r
c
∂
∂−∂
∂−∂
∂=∂
∂ )12()12(
)12(
1)12()12( β                (2.62) 
Which can be rearranged to give 
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u
r
Wh
r
c
∂
∂−∂
∂−=∂
∂ )12()12()12()12( β                 (2.63) 
Where 
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      W )12()12()12( uβη +−=                                         (2.64) 
And  
       )12()12()12( ch −=η                     (2.65) 
The HNC closure becomes 
     )12()12()12()12( udr
r
Wh
r
β−∂
∂= ∫∞c                 (2.66) 
If W and are expanded in generalized spherical harmonics, )12( )12(u
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 The reference HNC approximation (RHNC) (Ref. [15]) is based upon the separation of 
the pair potential and correlation functions into reference and perturbation parts.  It is convenient 
to write the closure in terms of variables of the form 
   (∆                (2.68)  )12()12()12 RXXX −=
And is a property of the system of interest and refers to a spherically symmetric 
reference system. Then  
)12(X )12(RX
     )12()(ln)]12()(ln[)12()12( urghrghc RR ∆−+∆+−∆=∆ β               (2.69) 
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Where P depends on the indices 11111 ,,,, νµlnm  and 22222 ,,,, νµlnm  
 The numerical solution can be obtained by an iterative method.  Fries and Patey [15] 
proposed this general method for the numerical solution of the full hyper netted chain theory for 
fluids characterized by angle-dependent pair potentials.  As an application of this method, they 
solved the RHNC theory for a dense fluid of dipolar hard spheres.  This method allows the HNC 
and RHNC theories to be usefully applied to a much greater variety of model fluids than was 
previously possible.  The method avoids the multidimensional integration but it is unstable for 
strongly anisotropic short- range interactions like those that give rise to the molecular shape.  
 An alternative way (Ref. [16]) is to differentiate Eq. (2.40) with respect to one of the 
angular coordinates of molecule 1 or 2, holding the distance r  and the other angular coordinates 
constant.  And the final result looks like 
12
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II.2.3. Lado’s Theory 
Lado et al. [17] proposed a more general but different approach to solve the OZ equation 
for fluids of fully anisotropic rigid molecules requiring three Euler angles configurational 
description and leading to pair functions of five angular variables.  And the method is suitable for 
all potentials.  In their treatment the OZ equation is written like  
   )32()]12()12([3
8
)12( 2 ccd γπ
ργ ∫ +=                (2.72) 
Where 
    )12()12()12( ch −=γ                  (2.73) 
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And  
                         )12(1)]12()12()12(exp[)12( γγβ −−++−= Buc                    (2.74) 
Here is the so-called bridge function because of the resemblance of its first density 
diagram to the Wheatstone bridge circuit.  The fivefold angular dependence of the pair functions, 
)12(B
       ),,,,,()12( 21122112 χχθθ Φ= rXX                 (2.75) 
A spherical harmonic expansion of the correlation functions is like 
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Where the orientations ),,( χθω Φ= , the Euler angles, are here referred to the axial line r12v  
between molecular centers,  is a generalized spherical harmonic, and m . Inversion 
of the expansion gives the coefficients as 
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The pair distribution function  
           )]12()12()12(exp[)12( Bug ++−= γβ                        (2.78) 
is obtained from ).12(γ  
 They outlined the iterative method to get the solution:  
(1) With a finite set of coefficients in hand, iteration for improved set begins with the 
construction of 
21
21
nn
mllγ
)12(γ , ) and its coefficients .  12(c 21
21
nn
mllc
(2) The OZ equation is most conveniently solved in Fourier transform representation.  The spatial 
coefficients  
      c ∑=
m
nn
mllcmmlllCnnlllr 2121)0,
~,;,,(),,,,;( 212121                (2.79) 
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are obtained by a Clebsch –Gordon (CG) transformation and used to generate the Hankel 
transforms 
                    (2.80) ∫= ππ
0
2121
2
2121 )(),,,,;(4),,,,;(~ krjnnlllrcdrrinnlllkc l
l
Where   is a spherical Bessel function of order l .  An inverse CG transformation then 
yields the axial transform coefficients  
)(krjl
       ∑=
l
nn
mll nnlllkcmmlllCkc ),,,,;(~)0,~,;,,()(~ 2121212121                         (2.81) 
Needed for the OZ equation. In the expressions, C  is a Clebsch –Gordon 
coefficients.   
),~,;,,( 21 mmmlll
(3) Fourier transformation of the OZ equation and expansion of the transforms as in Eq. (2.71) 
leads to  
 ∑ +−= +
33
23
23
31
31
31
31
321
21
,
~
)(~)](~)(~[)1()(
nl
nn
mll
nn
mll
nn
mll
nmnn
mll kckkck γργ                          (2.82) 
for which the are extracted by matrix operations.  (4) Begin with a CG transformation to 
space-fixed coefficients, 
21
21
nn
mllγ
 ∑=
l
nn
mll kmmlllCnnlllk )(~)0,~,;,,(),,,,;(~ 2121212121 γγ                                         (2.83) 
followed by an inverse Hankel transformation 
 ∫= π γπγ 0 2121
2
22121 )(),,,,;(2
1),,,,;(~ krjnnlllrdkk
i
nnlllk ll                                 (2.84) 
Another inverse CG transformation, 
 ),,,,;()0,~,;,,()(~ 2121212121 nnlllkmmlllCr
l
nn
mll ∑= γγ                                           (2.85)   
yields the new axial coefficients of )12(γ and completes one iteration.  The new and old )12(γ are 
compared until )12(γ is adequately self consistent.  One drawback of this method is that 
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multidimensional integrals have to be evaluated.  The methods listed in both Ref. [15] and [17] 
can be extended to explore the structure of the liquid water (Refs. [18] and [19]).   
II.2.4. RISM Method 
 Chandler and Anderson [20] proposed reference interaction site model (RISM) equation 
in order to extend the OZ equation to the non-spherical solutes and solvents by introducing site-
site correlation functions. 
 The RISM equation is given as follows: 
           )(** vvvuvuvuvuv hch ρωω +=                                                                           (2.86) 
Where the symbol “*” denotes a convolution.  The term h is a matrix having elements of the 
site-site total correlation function h between the interaction site 
uv
)(rαγ α of solute u and the site 
γ of solvent .  The term c is the matrix of the site-site direct correlation function c .  The 
terms 
v uv )(rαγ
uuω  and uvω are the matrices of the site-site intramolecular correlation functions of the 
solute of solute u and the solvent v respectively.  The RISM equation can estimate the site-site 
distribution.  However, it cannot evaluate the spatial distribution. 
II.2.5. Separation of Spatial and Orientational Coordinates  
 Liu and Toshiko [21] adopted another method to get the pair distribution function with 
spatial and orientational dependence.  According to them, a perturbation-type decomposition of 
the solute-solvent interaction potential leads to a separation of ),( Ωrg v  into two parts, a Ω-
dependent part and an Ω-independent part.  The Ω-independent part can be solved by integral 
equation theory and the Ω-dependent part can be treated as a Boltzmann factor.  They used their 
theory to calculate system of water around frozen water clusters and yielded good results in 
agreement with those from Monte Carlo simulations. 
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II.3. Non-uniform OZ Equation 
 The method of establishing non-uniform OZ equation for application to adsorption 
systems was proposed by Percus [22].  The starting point is a mixture in which each component is 
present with a uniform density.  One component in the mixture is taken to a limit where it 
becomes infinitely dilute and its molecular radius can be considered to be very large in 
comparison to that of other species.  Similar to the uniform OZ equation, closure equations are 
needed which also have three forms like those of the uniform OZ equation.  The non-uniform OZ 
equations are in the following forms: 
   =h )( ∫+ aaaaaaaaaa qdchc 3),(32),(13),(12,12 ~~~~ vρ              (2.87) 
   h )( ∫+= awaawawwww qdchc 3),(32),(13),(12,12 ~~~~ vρ              (2.88) 
      ∫+= aaaawaawaw qdchch 3),(32),(13),(12),(12 ~~~~ vρ                                                          (2.89) 
   h )( ∫+= awaaaawawa qdchc 3),(32),(13),(12,12 ~~~~ vρ              (2.90) 
In which aρ is the density of the component a at a large distance from the component w , and a 
tilde denotes a function in a uniform phase having this density. h expresses the density 
variation in a due to the presence of and therefore has the significance of a singlet correlation 
function , although it originates as a pair-wise property.  Under these conditions the pair 
distribution can be interpreted as a singlet distribution function for the adsorbate fluid .  
We may therefore write 
),(
12
aw
w
)(ah
),aw(ρ )(aρ
   )( =ρ                (2.91) )1( )()( aaaaa hg += ρρ
 Beglov and Roux (Ref. [23] and [24]) used the non-uniform OZ equation to describe the 
average structure of a polar liquid around a complex molecular solute of irregular shape.  They 
assumed that an isolated molecular solute is immersed in a polar liquid of nonpolarizable 
spherical particles with an embedded point dipole in their center.  The aim of their research is to 
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determine the average distribution function ),( 11 ωρ rv , in response to the perturbing potential 
),( 11 ωrU v , with an HNC approximation used for a single solute in the infinite dilution limit.  
Their equation is written  
 )],(),,,(
4
),(exp[),( 222211
2
21111 ωρωωπ
ωωβρωρ rrrcdrdrUr vvvvvv ∆+−= ∫         (2.92) 
where ),,,( 2211 ωω rrc vv is the correlation function of the unperturbed liquid, and ),( 22 ωρ rv∆ is the 
deviation form the bulk density, ρωρ −),( 22rv .  Their numerical solution, obtained on a discrete 
three-dimensional cubic grid in Cartesian coordinates, yields the average solvent density and 
polarization density at all points around the solute. 
 Mitsunori and Junta [25] used the similar method as Beglov and Roux did, but the 
equation form is a bit different.  Their equation is in the following form 
   (h ')'()'()() rdrrhrcrcr vvuvvuvuv
vvvvvv −+ ∫ρ=              (2.93) 
where vρ is the density of the solvent, h )(ruv v s the solute-solvent total correlation function, 
is the solvent-solvent direct correlation function, and h)(rcuv
v )(rvv v is the solvent-solvent total 
correlation function.  The coordinates r 'r, vv include the orientational coordinates.  They obtained 
the spatial water distribution around 5 )4627 H(2 Cenecholest −−−α and used computer graphics 
technique to visualize it. 
 The above three methods can deal with the adsorption of dense liquid near a hard wall or 
a complex molecule.  But when the background liquid is dilute, or just gas, these methods would 
fail because in their calculation they assume that the two-body direct correlation function does not 
change throughout the whole iteration process.  This is obviously unphysical when these methods 
are applied to the dilute gas adsorption calculation.  
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II.4. Born-Green-Yvon Approach 
 Fischer and Methfessel [26] proposed a method using the Born-Green-Yvon equation to 
solve the gas adsorption problem and their method is applicable to the dense liquid near a hard 
wall or the gas-liquid interface problem.  Their starting point is the Born-Green-Yvon equation 
    ∇ ∫ ∇−+∇−= 21212121111 )]()[,()()())(ln( rdrurrgrnrurn s vvvvvv ββ            (2.94) 
     For spherical particles with external potential u and intermolecular potential u , the total 
potential can be written as 
s
    U                (2.95) ∑∑
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i
i
s ruru )()(
 They argued that the repulsive force should essentially determine the structure of a 
uniform fluid while the attractive force merely form a uniform background potential.  For non-
uniform fluid, it is rather plausible that the pair correlation function will be less important in the 
mean attractive force exerted on one particle, than in the mean repulsive force because of the 
long-range nature of the attractive forces.  In this sense, they made a few approximations: 
              First split the intermolecular potential u into a repulsive part u and an attractive 
part , which by insertion into Eq (2.93) yields the mean repulsive and the mean attractive 
force on particle 1.  Then, the attractive force is treated in the simplest way by ignoring any 
correlations.  In the mean repulsive force, the pair correlation function is assumed to be that of a 
reference system of particles interacting through soft repulsive potential u .  Finally, the 
repulsive interaction is replaced by the hard-sphere interaction and the pair correlation function is 
related locally to that of a homogeneous hard sphere fluid at the average density 
)(r )(0 r
(0 r
)(1 ru
)
n . 
 Under above assumptions, after a few steps the Born-Green-Yvon equation turns into 
 ∫
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n is defined as following 
  rdrrn
V
rr c
vvvvv ∫ += )(1,( 21n )               (2.97) 
Where the average is done over a sphere of diameter d centered at the point of contact 
)(
2
1
21 rrrc
vvv += .  For one dimensional adsorption problem, for example, the adsorption on a plane 
(2.96) can be simplified to 
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This equation was solved by iteration at low temperature and density (T ) and 
was reported to be in close agreement with the simulation data of Rowley et al. [27].  
02.0,002.1 ==∗ ρ
 The underlying character of this theory is to represent the structure of the non-uniform 
fluid by a non-uniform hard-sphere fluid, which is held together by a long-range attractive force.  
The essential requirement is that the correct structure is established for the non-uniform hard-
sphere fluid and is assured by the coarse graining (doing average without adding weighted 
function) feature, which feeds back the singlet density through the density n .  It is interesting to 
note that the BGY equation, without this coarse graining feature, does not successfully predict the 
singlet density profile for a non-uniform fluid of hard spheres. 
 A similar method is called Loveet-Mou-Buff equation [28].  Their equation looks like 
  ∇ ln( ∫ ∇+∇−= 222211111 )](),()())( rdrnrrcrurn s vvvvvv β                (2.99) 
This equation can be used to explore the gas-liquid interface properties (Ref. [29] and  [30]).  One 
thing to notice is that c ),( 21 rr
vv  is a relatively shorter ranged function than g ),( 21 rr
vv , which will 
bring some convenience to the calculation, but the gradient operator prevents us from applying 
this kind of method to the three-dimensional system. 
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II.5. Molecular Density Functional Theory 
 Saam and Ebner [31] proposed a density functional theory of classical system. 
 Consider a classical system with fixed chemical potential µ  and temperature T  
in the presence of an external potential v , which couples to the particle number density . n
Then there exists a functional  of such that the minimum value of  ][nΩ n
    )()(][ 3 rnrvrdn vv∫+Ω=Ω               (2.100) 
with respect to variation of n at constant vT ,,µ , and volume V , is the equilibrium grand free 
energy of the system; n at the minimum is the equilibrium number density.  The minimum 
condition is  
   0][
,,,,,
=+Ω=Ω v
n
n
n VTVvT µµ δ
δ
δ
δ               (2.101) 
In their notation, 
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Perform the functional derivation of with respect to n  nv
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vvδ
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             (2.103) 
and the functional integrate (2.101) in the space of density functions, which is characterized by a 
simple parameter α varying from 0 to 1 
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If choose  
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vvvv −+= αα              (2.105) 
assume that  
  n =)( constnr =00 v                (2.106) 
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and  
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(2.102) reduces to 
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Further integrating (2.99) yields the expression for the grand free energy if following the same 
path in the space of density functions 
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There are many ways to remove the α dependence in the two-body direct correlation function. 
Like Ebner and Saam [32] assumed that  
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where  
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2
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Instead of solving (2.106) directly, they propose a trial solution of the density file and substitute 
the trial solution into (2.107) and minimize the grand free energy and get the solution of the 
density profile.  The advantage of this method is that it only requires the direct correlation 
function in homogeneous fluid as input and this direct correlation function in homogeneous fluid 
can be evaluated fairly accurately with the uniform OZ equation. 
 However, according to Lane et al. [33] the density functional theory did not give very 
good results compared with the computer simulation for the one-dimensional case.  A weak point 
is that it does not appear to contain the correct Henry law limit and must therefore be suspect at 
low adsorbate coverage.  
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 Other density functional methods [34-37] are a bit different from what Saam and Ebner 
did.  Usually what they did was to separate the Helmholtz free energy into two parts: 
 )]([)]([)]([ rFrFrF exid vvv ρρρ +=             (2.112) 
And the ideal part can be exactly given as 
                  ]1))([ln()()]([ 3 −Λ= ∫ rrrdkTrF id vvvv ρρρ                                                       (2.113) 
The excess free energy )]([ rF ex vρ  is the contribution from the intermolecular interactions and its 
functional expression remains to be determined.  After a functional minimization of the grand 
potential of an inhomogeneous system, subject to the chemical potential µ and external potential 
)(rVext
v , the density profile can be solved through the Euler-Lagrange equation  
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

 −−= )(
)(
)]([exp)( rV
r
rFr ext
ex
exb
vv
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The only thing left is to determine the functional form of F )]([ rex vρ .  Usually )]([ rF ex vρ  is 
divided into repulsive part and attractive part, and the repulsive part is usually replaced by the 
hard sphere model, because the functional form of a hard sphere model is very clear now. This 
method gained some success but for complex intermolecular interaction, it is not so easy to obtain 
the correct functional form of F )]([ rex vρ .  Therefore it may not work well for the water 
adsorption problem.  So far the hard sphere system, Lennard-Jones system and Yukuwa system 
are reported to work well with this method.  
 Another feature in this method is the introduction of the non-local free energy functional 
through a smoothed (or coarse grained) density distribution )(rvρ , which is at each point a non-
local functional of )(rρ .  Any narrow peak in the real density distribution will be smeared down 
in the average density distribution, which can be viewed as the mean density around a particle in 
a volume somewhat related with the range of the interactions. 
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II.6. Simulation 
Fang et al. [6] did canonical ensemble Monte Carlo simulations for water on a planar 
substrate and on spherical substrates under different temperatures.  As they pointed out, extensive 
work has been done on one-dimensional system, but few people stress the size dependence of the 
adsorption on nano spherical particles and even the aggregates of those nano spherical particles.  
The situation can be easily understood, since the simulation in three-dimension is so difficult that 
the boundary condition cannot be used readily in the adsorption system.  If boundary condition is 
not used, one has to take some special measure to set the particle acting as in the uniform liquid 
when a particle is far from the substrate. 
In their simulation, reflecting plane barrier and a reflecting spherical surface barrier were 
placed beyond the surface of the planer substrate of the plane substrate and the surface of the 
spherical substrate, respectively.  These barriers created a finite vapor pressure in the systems.  
However, the most effective way to study the adsorption in such systems is the grand canonical 
ensemble Monte Carlo simulation or the grand canonical ensemble molecular dynamics 
simulation and such efforts are very rare.  And they reported the water structure were sensitive to 
substrate size.  For example, they indicated that the normalized density distributions narrows as 
the substrate size increases at the same temperature and the higher the temperature is, the wider 
the width of density distribution.  
II.7. Summary 
 From Fletcher’s work to Marlow’s work give a description of the equilibrium of the gas 
(mainly water vapor) on the aerosol particles with large sizes.  While in microscopic range, 
especially in the nano range, the theory is inadequate and cannot give a good description.  Non-
uniform OZ equation gives good result when the background is in liquid phase.  BGY equation 
and density functional theory can be applied to one-dimensional adsorption but hard to extend to 
three-dimensional system.  Therefore it is necessary to develop a method to compute the 
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adsorption in a real three-dimensional system and the detail of this method will be appeared in 
chapter III, IV and V. 
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CHAPTER III 
 
METHODOLOGY 
III.1. Overview 
In this chapter we develop a method that can be used to compute gas adsorption onto a 
real three-dimensional system including those with nanoscale features.  Our integral equation, 
which resembles a non-uniform OZ equation, is derived from density functional theory.  The only 
required inputs are the direct correlation functions of the uniform fluid at high and low densities.  
We take argon adsorption onto carbon dioxide and graphite planar substrates as examples to 
illustrate the method.  Finally we compare our results with previous simulation work and find that 
our results agree with them under the same conditions.   
III.2. Introduction 
The equations that have been used to compute adsorption phenomenon can be 
categorized into three classes: the OZ equation, the density functional theory, and the BGY 
equation.  The exact non-uniform OZ equation cannot be solved since it contains the unknown 
non-uniform correlation functions and the singlet functions.  The following type of approximate 
equation 
               ')'()'()()( )2()1()1()1( rdrrcrhrcrh b
vvvv −+= ∫ρ                         (3.1) 
 ')'()'()()( )2()1()1()1( rdrrhrcrcrh b
vvvv −+= ∫ρ         (3.2) 
where  the wall-particle total correlation function, c is the wall-particle direct 
correlation function, and 
)()1( rh )()1( r
)'()2( rrc vv −  is the particle-particle direct correlation function, can be 
solved by introducing a relationship between c  and , provided that h  or  are known.  
In fact, h  or  can be obtained from uniform OZ equation.  The PY and HNC 
approximation are used to provide the relationship between c  and h ([33]).  In [38-41] these 
)1( )1(h )2( )2(c
)2( )2(c
)1( )1(
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two approximations are used to treat spherical particles in contact with a wall.  Because these two 
approximations achieved limited success, other approximations came into being, such as those 
discussed in [42-45], which either gave better descriptions of non-uniform reference states or 
made improvements to the approximation to c .  )2(
 A numerical method to directly solve the OZ equation (3.1) and (3.2), with PY and HNC 
approximation, by introducing the 3D lattice to evaluate the distribution function of solvents 
around solutes with a complicated shape was proposed in references [11-13].  They reported that 
their result agreed with the molecular dynamics simulation. But according to [33], (3.1) and (3.2) 
are not valid when the adsorption layer density is much higher than the background density. 
Therefore, it is not proper to apply (3.1) and (3.2) to gas adsorption case. 
 The density functional theory dealing with inhomogeneous systems can be divided into 
local density functional theory and non-local density functional theory.  The local density 
functional theory expresses the free energy as a functional of local density distribution and works 
well when fluid inhomogeneity is weak. Since the local density functional theory does not take 
into account strong short-ranged correlation, it is unable to predict the strong short ranged 
structure.  Non-local density functional theory (Refs. [34-37]) treats the free energy as a 
functional of both a local and non-local averaged density, usually a coarse grained or weighted 
average varying slowly and smoothly.  Non-local density functional theory has been used widely 
in theoretical predictions (Ref. [34,35] and [37]) of adsorption isotherms related to nano 
materials. But usually these systems are one-dimensional.  
 BGY equation can also be applied to adsorption case [46, 47].  And the most successful 
one is [26], where the pair potential is divided into attractive and repulsive part and the repulsive 
part is replaced by hard sphere model and the pair correlation function is related locally to that of 
a homogeneous hard-sphere fluid at average density.   
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It is interesting to notice that the BGY equation when introduced with the coarse grain 
feature, can predict the adsorption phenomenon as well as in density functional theory. Therefore 
the coarse-grained average or weighted average is central to the correctness of the prediction in 
the adsorption study.  In the following part we will establish an OZ like equation with weighted 
density average feedback from the density functional theory [31, 32] and [48]. 
III. 3. The Integral Equation Method 
 Here we take the standard form of the integral equation from [48] (page 319 Eq 7.49, or 
see [31,32]) 
 [ ] rddrrrcrur −′=+

 ∫ ∫ vvvvv ′
v
ξρρξβρ
ρ 1
0
012
0
)();',()()(ln                    (3.3) 
There are a few ways to remove the ξ  dependence but none of them has a solid 
theoretical basis.  For example, [16] assumed that 
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where 
 )]'()([
2
1 rr vv ρρρ +=             (3.5) 
 Here in order to connect (3.3) with (3.1) or (3.2) used in [11-13], so that the equation can 
be applied to the real three dimensional system, we assume that 
 [ ] [ rdrrrrcrddrrrc ′−′′−><=′−′ ∫∫ ∫ vvvvvvvvv 0121
0
012 )(),)(()()',( ρρρξρρξ ]                    (3.6) 
where  
rdLrrArr ′−′−′>=< ∫ vvvvv )/exp()()( 44ρρ           (3.7) 
And ),)((12 rrrc ′−>< vvvρ
>)r
 is the direct correlation function of the homogenous system at density 
< (vρ .  The weighted density average form was suggested by [23].  Here we take the average 
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density form of (3.7) because exponential function is a continuous function rather than the simple 
step function.  Since we are doing the calculation on discrete three-dimensional grids, this 
functional form of density average will produce better result than the simple step function.  
Finally, we have our equation 
  [ rdrrrrcrur ′−′′−><=+

 ∫ vvvvvv ]
v
012
0
)(),)(()()( ρρρβρ
ρln         (3.8) 
(3.8) looks like an OZ equation (3.1) and (3.2) but with a feedback of weighted density. And the 
only inputs needed are the direct correlation functions of homogeneous fluid at different densities. 
In the following we will show in detail how this equation can be used in the real three-
dimensional adsorption problem. 
 We take argon adsorption onto the graphite and carbon dioxide plane substrates under 
and respectively as our example.  The argon-argon interaction is defined as 
follows  
K120 K78.131
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where, Kk 8.119=ε and . An argon molecule interacting with a plane substrate 
takes the form  
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where z is the distance between an argon atom and the plane surface. For argon-graphite system 
used in [1], , Å , and for argon-carbon dioxide used in [2], 
, .  In the weighted density expression (3.7), we take 
Kn www
43 10260.14 ×=σπε
K33 10908.1 ×= 727.3=wσ
678.2=wσ
Ån www4 σπε
σ=L , from the normalization condition 151.902=A , because we found that outside the 
hardcore diameter σ , ),(12 rr ′−c vvρ  is nearly same for different densities.  In other words, the 
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main difference lies inside the hardcore diameter, and therefore it is reasonable to find the 
weighted density inside the hardcore diameter. 
The other factor left to be determined is the ),)((12 rrr ′−><c vvvρ . In [32], the author 
suggested a method to treat this problem, but it must be evaluated at many points on the T  
plane (Fig. 1 in [32]), where gives the phase coexistence line and would require considerable 
computer time. In order to overcome this shortcoming, we use the linear combination of a high 
density and a low-density 
** n−
),)((12 rrrc ′−>< vvvρ  value to evaluate all points on the T  plane, 
as pointed out by [49] and [50] 
*n* −
),())(1(),()(),( rrcfrrcfrrc H
LH
L
LH
′−−−+′−−=′−
vvvvvv ρρρ
ρρρρ
ρρ                        (3.11) 
 For the points inside the phase coexistence region, where uniform OZ equation fails to give the 
correct answer to the direct correlation function, interpolation is needed. As pointed out in [24] 
linear interpolation is not good enough, therefore we construct our interpolation schemes as 
follows:  
We choose two points on the T  plane, which are far from the coexistence region, 
and call them 
** n−
highρ  and lowρ , then evaluate the direct correlation function at these two points and 
get the  value at these two points and call them  and . 0=kc v Hc Lc
For those points not inside the phase coexistence region, where the OZ equation can give 
the correct answer of the direct correlation function, we use the OZ equation to evaluate the c , 
which we call it c . For these points  
0=kv
k
)()( LH
HL
Hk
cc
cc
f ρρρ −−
−=                                                                                          (3.12) 
We found that in the vicinity of Hρ  and Lρ , )(ρf  are nearly linear. For the points inside the 
phase coexistence region, so far no one can give the correct form of the direct correlation function 
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and interpolation has to be done, also there is no evidence that the direct correlation function has 
a jump across the phase coexistence region.  
Therefore it is reasonable to assume that )(ρf is smooth and can reflect the nearly linear 
property at both high and low-density ends. Under this assumption, we decide the interpolation in 
the phase coexistence region by constructing a line according to the nearly linear property at both 
high and low density and let them cross at one point and get the value of this point; then do cubic 
spline interpolation form in the whole region. At low density there may arise some problem, for 
example the )(ρf value may be negative, so we do the exponential interpolation at low density 
instead. In this chapter, we have calculated the )(ρf  value under two different temperatures for 
argon to be used in carbon dioxide and graphite substrate respectively. Following is the explicit 
form of the )(ρf  function and their plot.  For T K120=  
32-4 103952.729-62.372+0.217+10-0.0452)( ρρρρ ×=f , 
if  . -6105.066×<=ρ
)2exp(311.24100.577)( -4 ρρ ×=f , 
if . 012.0105.066 -6 ≤≤× ρ
32 10719.429-582.060+8.049-0.0337)( ρρρρ =f , 
if .01800.012 ≤≤ ρ . 
32 840.399+50.424-3.486+-0.0365)( ρρρρ =f , 
if 02.0≤ρ . 
(3.13) 
In this case 02.0=Hρ  and  4100.2 −×=Lρ
And for T  K78.131=
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32-4 23507.588-14.105+0.411+10-0.826)( ρρρρ ×=f , 
  if ≤ρ . 31026.1 −×
32-3 8299.692+106.1279-0.563+10-0.146)( ρρρρ ×=f , 
  if 1.26 . .011010-3 ≤×
32 8526.827-444.236+5.438-0.0217)( ρρρρ =f , 
  if 0 ≤ 160.0.011 ≤ρ . 
32-2 5522.740-298.228+3.072-100.889)( ρρρρ ×=f , 
  if 0.016 ≤ 018.0≤ρ . 
                                                                                                                                   (3.14) 
In this case 018.0=Hρ  and  4100.2 −×=Lρ
From Fig. 1 and Fig. 2 we may notice that the plot is nearly linear at both high-density 
and low-density end.  And in the phase coexistence region the slope of the plot changed quickly.  
The linear combination of the high-density and low-density direct correlation functions as well as 
the interpolation rules inside the phase coexistence region plus Eq (3.8) is our main point in this 
chapter. Finally the integral equation is turned into  
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There appears to be no better way than the iteration method to solve this kind of equation, and 
usually we have to use the mixing technique ([15]) 
                                                                                           (3.16) oldnewnew αρραρ +−= )1(
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The determination of α is not so strict and it depends on the convergence property of the 
integral equation. Commonly for the strong interaction between the molecule and substrate 
α should be high. 
In our model, the three-dimensional FFT should be called only three times for each 
iteration, one is for the computing of the average density and the other two are for the direct 
correlation at low and high density. 
The direct correlation function is determined via the homogeneous OZ equation [15,32], 
and Fig. 3 and Fig. 4 show the direct correlation functions used in our calculation. 
 In our calculation the three-dimensional grid size is 128 128128×× , and the cut-off 
distance is set to be σ5.3 . 
III.4. Results and Discussion  
We have calculate the argon adsorbed onto the plane substrate of carbon dioxide and 
graphite under 131.78K and 120K respectively using the method we suggested and compared 
them with the simulation result in  [27] and [33] and found they correspond well with the 
simulation result. 
 The result shown in Fig. 5 is comparable with the simulation work Fig. 6 [27] and the 
BGY equation result Fig. 3 [26]. In Fig. 5 the height of the first peak is around 6.0 and the height 
of second peak is between 1.5 and 2.0, and we can see the development of the third peak.  These 
three values are very close to the result in [27].  As shown in Fig. 6, when the density goes up, the 
height of the second peak is getting higher.  The result shown in Fig. 6 is comparable with Fig. 3 
[33]. It shows that our method works for the gas adsorption onto a plane.  
Moreover, this method is to solve the adsorption problem on a three-dimensional grid and 
it can be easily extended to any substrate with a complex shape. In this paper we used the 
simplest molecule argon; as pointed by Refs. [23-25], this method can use even complex 
molecule like water [25]. In chapter IV we will use this method to compute argon adsorption onto 
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spherical substrates and the aggregates of the spherical substrates. In chapter V we will use this 
method to compute the water adsorption onto the spherical nano particles and the aggregates of 
spherical nano particles. 
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CHAPTER IV 
 
ARGON ADSORPTION 
IV.1. Overview 
 In this chapter, we compute: (1) the density distribution for argon adsorbed onto single, 
spherical graphite and carbon dioxide substrates with radii r , 20 , , 100 ; (2) the 
density distribution of argon adsorbed onto two identical carbon dioxide spheres in contact with 
radii , , , 100  and (3) the density distribution for argon adsorbed onto the 
three identical carbon dioxide spheres with radii r , with different angles subtended by the 
three spheres at θ , , and . Through the calculation we found that the 
aggregate structure of the two or three identical spheres can affect the adsorption of the argon 
molecules. 
Å10= Å Å50 Å
Å10=r Å20 Å50
o85
Å
o105
Å10=
= o125 o150
IV.2. Introduction  
 In the study of condensation on gas-borne particles, the particles are generally treated as a 
single isolated spheres.  However, aerosols encountered in a variety of environments include 
particles consisting of contacting, spherical primary units.   For large spherical particles, whose 
radii are greater than 50nm the, macroscopic picture is sufficient.   The macroscopic treatment of 
the condensation is to connect the surface curvature with the Kelvin equation ([3]).  Fletcher ([1]) 
solved the heterogeneous condensation onto a single spherical aerosol particle by adding an 
interfacial energy contribution due to the presence of the substrate to the Helmholtz energy.  
Crouzet and Marlow ([2]) applied a general solution for the meniscus between a sphere and plane 
([51]) to compute the curvature of the pendular ring of condensation between two macroscopic 
aerosol spheres with radii greater than 10nm. Their results indicate that even somewhat 
hydrophobic adhering spheres may be capable of activating as cloud condensation nuclei at the 
moderate supersaturations encountered in the atmosphere.   
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 However, in the microscopic range, both the theoretical and simulation works are rare; 
evidently the only seen one is given by Fang et al. [6].  They revealed that in the microscopic 
range, the adsorption structure and interaction between gas molecules and substrate are sensitive 
to the substrate size and shape.    
 In this chapter we will use the argon adsorption onto the aggregates of two or three 
identical nano spheres as an example to investigate what roles these structures play in gas 
condensation.  
IV.3. Argon-Argon and Argon-Substrate Interaction Potential 
 The argon-argon interaction is represented here as [27, 33] 
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The simplest energy form between argon and a plane substrate is given by [27] or [33] and is 
written like  
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Lennard-Jones 6-12 potentials are assumed to be effective between the atoms of the adsorptive 
gas and wall. By integrating over the complete volume of the adsorbent, Eq (4.2) is derived. 
 According to the data provided by [27, 33], we found that for argon-graphite case, 
, Å  and for Argon-carbon dioxide case, 
 and . If we assume the substrate is spherical and repeat 
the integration process, we may reach the expression for an argon atom with a spherical substrate, 
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Fig. 7 is the interaction energy computed with (4.3) for an argon atom interacting with 
spherical and planar substrates.  From the plot we can see that as the size increases, the 
interaction potential between argon and a substrate tends to that of the argon atom planar case and 
for large substrates the magnitude of the potential minimum does not change too much. This trend 
has been pointed out by [6].  We must point out that (4.3) is only a very crude approximation; it 
does not include the many-body effect.  For the more accurate energy form, readers many go to 
[7], where a nonsingular van der Waals potential plus a Born type repulsive potential is used and 
give the binding energy accurately for many materials.  
IV.4. Computational Details 
 The central task is to apply (3.8) plus the interpolation rules, (3.13) or (3.14) for high-
density and low-density direct correlation function to the three-dimensional calculation.  We will 
list the main procedure in the following. 
 For the one-sphere case, the grid size is 128 128128×× , and the grid spacing is 0 , 
that is to say , the cutoff distance used is 
Å2.
Å2.0=== dzdydx σ5.
)
3 .  We assign the coordinate of 
the center of the spherical substrate to be ( ,0,0 R− .  The three-dimensional grid is represented as 
, , , and ),,( kji ]128,1 ]128,1[∈j[∈i ]128,1[∈k .  Each point inside the three-dimensional grid 
corresponds with a point in real space.  Let 640 =i , 640 =j , 10 =k , the coordinate for each 
point in the three-dimensional grid is x )dxi-(i 0= , )dyj-(jy 0= , . The 
shift of z is not a unique choice; we choose the value 0.2868 because we wish the grid to have a 
small intersection with the spherical substrate. 
0.2868)d-)k-((k 0 z=z
  After arranging the spherical substrate and the three-dimensional grid, we use the 
iteration scheme to solve (3.8).  First, we guess the density value for each grid point to be set as   
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FIG. 7. The interaction energy between an argon atom and the spherical substrate with 
the radii r , , 50 , 100  and plane case under 120K. Å10= Å20 Å Å
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)/exp(),,( 0 TUzyx sub−= ρρ            (4.4) 
Where 0ρ  is the background density.  The choice we made here is rather simple and explicit.  
Second, we compute the average density of each point in the three-dimensional grid using (3.7).  
From (3.7) we know that < >)(rvρ  is the convolution of )(rvρ and .  This 
convolution can be easily evaluated via the three-dimensional FFT.  Third, we evaluate the other 
two convolutions related to the high-density direct correlation function 
)/exp( 44 LrA −
{ }[ rrc −′′−∫ ] rd ′rH vvvv 0)()( ρρρ , and low-density direct correlation function 
{ }[ rrc −′′−∫ ] rd ′rL vvvv 0)()( ρρρ , respectively.  So far we get the value of the right hand side of 
(3.8).  Finally we evaluate the new density and compare the new value of the old value see if the 
iteration converges, if the iteration does not converge, repeat the above procedure until it 
converges.  To permit the iteration process to converge quickly, the mixing technique is used as 
pointed out as (3.16).  
 In fact we may use the symmetry to facilitate our calculation.  For the one-sphere case, 
we know that those points that have the same distance from the center of the spherical substrate 
should have the same values.  Therefore we need only calculate the density on ( grid and 
then interpolate on the remaining grids based on the symmetry rules. 
),, 00 kji
 For two identical spheres in contact, if we set the coordinates of the two spheres to be 
 and , then the system, two planes )0,,0( R− )0,,0( R 0=y  and 0=z  are the symmetry planes. 
Moreover, the system has rotational symmetry along the y-axis. Therefore we need only evaluate 
the density on grids in x  plane and then interpolate the others via the symmetry rules.  The 
same happens in the three identical spheres case. 
0=
 50
 For the two or three-sphere case, 128 128128××  is not large enough, and the larger size 
has to be used.  However the direct evaluation FFT on the larger grid is a very time consuming 
job.  We follow the idea proposed in [52], to do the convolution in blocks. 
IV.5. Results and Discussion   
 First we have calculated the argon adsorbed onto single spherical graphite and carbon 
dioxide substrates at 120K and 131.78K respectively, and the results are shown in Fig. 8 and Fig. 
9.  
 In Fig. 8 and Fig. 9 we may notice that for the smallest size spherical substrates, the first 
peak is low; as the size of the substrate increases, the first peak goes higher and when the 
substrate size goes to 10nm, the first peak value is nearly equal that of a plane. 
This suggests that for the adsorption of a single spherical substrate, when the substrate 
size is over 10nm, we may treat it as a plane.  Also we may notice the development of the second 
peak and the third peak as the substrate size goes larger.  And for the plane case, both the density 
values we calculated correspond with reported simulation result [27, 33]. 
 For two identical spherical substrates in contact, as we stated previously, the coordinates 
of the two spheres are (  and , and we plot the density from the contact point 
along ( direction in Fig.10.   
)0,,0 R− )0,,0( R
)1,0,0
 From Fig. 10 we may notice that as the twin sphere size goes higher, both the first peak 
and the second peak grows more rapidly than the one sphere case. The value of the first peak is 
twice as large as the corresponding one sphere case. For r=10 nm, both the first peak and the 
second peak are far larger than the corresponding one sphere case, and we can draw the 
conclusion that this plot shows the starting of the condensation.  The trend also corresponds to 
what [2] found in the macroscopic case.   
 In Fig. 11 to Fig. 15 we show more detailed view of the density value for the two-sphere 
case. This time the density is plotted in the vicinity of the central line and these plots can show  
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IG. 10. Density along direction from the contact point of the two identical 
spherical substrate with radii , the background density is 0.03 
and T=1
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FIG. 11. Argon-uptake within the interstitial region for . 
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FIG. 12. Argon-uptake within the interstitial region for . 
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FIG. 13. Argon-uptake within the interstitial region for . 
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FIG. 14. Argon-uptake within the interstitial region for . 
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FIG. 15. Argon-uptake within the interstitial region for . 
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the detailed structure of the argon-uptake within the interstitial region.  As pointed out previously 
 
spheres
adii 
nm, an
 this plot, it is clear that there exists a best angle for the three-sphere structure to 
the two-sphere structure has the rotational symmetry along y-axis, in these plots we only show the 
density on z=0 plane and due to the existence of the symmetry plane y=0, we only plot y>0 part. 
From Fig. 11 to Fig. 15 we may notice that the ring structure is formed around the two
.  This can be understood as for small size of the substrate, the argon atoms are piles on 
the central line and in the vicinity of the central line.  As the substrate size increases, the density 
on the central line tends to go to saturation, and the argon cluster has to spread away from the 
central line.  This trend is most remarkable for r=10nm case.  This indicates that the two-sphere 
sphere structure really can help to accumulate more argon atoms within the interstitial region of 
the two spheres.  And this phenomenon resembles the capillary condensation to some extent. 
 In Fig. 16 we show the density value for the three identical spherical substrate with r
1 d the angle subtended by the three spheres are o85=θ , o105 , o125 and o150 . The axial 
line is taken from the surface of the central sphere.  The purpose of this calculation is to see 
whether some cluster has formed with in the region that the three spheres form.  Or in more 
detail, since the three-sphere structure contains two two-sphere structures, we will investigate 
whether the cluster formed within the pendular ring of the two two-sphere structures can be 
connected.  
 From
take up the argon, and for o85=θ we have the highest adsorption.  From 1.5σ to 2.0σ there is a 
pleatu formed, this is differe  the corresponding one-sphere case, so we may imagine that a 
larger cluster formed here and the two clusters formed within the two pendular regions connected.  
As the angle increases, this trend is weak, and finally for o150=θ , one sphere case.  This also 
shows the similarity as the capillary condensation.  
  
nt from
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CHAPTER V 
 
WATER ADSORPTION 
V.1. Overview 
 In this chapter, we use the method developed in Chapter III and chapter IV to compute 
water adsorption onto nano spherical substrate and aggregates of the spherical substrates with the 
oxidized surfaces of different extents.  From the calculation we find that the aggregation of 
identical nano spheres improves the water adsorption ability.  
V.2. Introduction 
 Water uptake by aggregate aerosol particles is very important and poorly understood.  In 
the macroscopic case, the equilibrium vapor pressure of water over a surface is a function of the 
thermodynamic free energies and entropies of the water in the vapor and condensed, or surface, 
phases.  In the macroscopic or continuum treatment of substrate coverage by condensate, a widely 
used formalism of the equilibrium thermodynamics ([1, 2]) is to calculate the vapor pressure over 
a condensate droplet on the substrate surface.  Then, condensation is thermodynamically favored 
when total interfacial energy loss due to growth of the droplet exceeds the heat gain resulting 
from entropy loss associated with condensation.  No accounting is made for thin or thick films 
and, as in the Kelvin equation ([3]), the Laplace description of differential pressure across a 
curved condensate gas surface ([4]) is used.  Provided the substrate particle is much larger than 
the condensate molecule, and other dimensions and conditions are suitable for use of 
experimentally determined, static contact angles, this approach can be useful for particles of radii 
on the order of or larger than 50 nm.  For particulate substrates in the small nanometer range, a 
number of crucial differences from the macroscopic case can be identified.  Substrate coverage by 
condensate is not adequately described as continuous in the same sense as for a macroscopic 
substrate where coverage can be averaged over areas that are significantly larger than the 0.5-1 
nanometer domains where condensate clustering and discontinuity occur.  When the substrate 
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size comes to the nanometer range, the word “density distribution” is a more precise terminology 
instead of vapor pressure because the macroscopic picture fails. In the earlier study ([6]), Monte 
Carlo simulations were made of the interaction energies of a nominal mono layer of water on a 
plane surface and on 1, 1.5 and 2nm radius spheres for which the substrate material interacted 
with the water via Van der Waals potential ([7]) expected of tetradecane.  Those calculations 
showed the effect of substrate particle size on the interaction energy between condensate and 
substrate and the consequences of the resultant size dependence on the structuring of water on the 
substrate.  But sufficient calculations were not conducted to show in useful detail the transition of 
water-substrate attraction energy from small sphere to plane.  Therefore, no film information was 
derived to indicate when the macroscopic picture would be adequate, according to interaction 
energy and associated condensate structure criteria. 
 In this chapter, we will use the method developed in Chapter III and chapter IV to 
compute the water adsorption on one nano aerosol, two identical nano aerosol and three identical 
nano aerosol with different angles formed. 
V.3. Water Model 
 The water model most widely used in computer simulation now days are TIP3P and 
TIP4P models ([53], [54]), SPC model ([55]) and SPC/E model ([56]).  However, as pointed out 
by [18] and [19], these models are not applicable to the integral equation study of thermodynamic 
states of water.  This is not because the models themselves are wrong, but because of the lack of 
the orientational dependence in the bridge function in the integral equation theory.  Other models 
([57-59]) do not have strong theoretical basis, but they can at least qualitatively show the main 
features of water and are applicable to the integral equation theory and we will adopt the models 
like these in our calculation of direct correlation functions of water at both high density and low 
density limit. 
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 The water model we used here mainly follows [59]. The potential between two water 
molecules 1 and 2 with configurations  and  is in the form  1X 2X
 ),(),(),(),(),( 2121212121 XXVXXVXXVXXVXXV hbqqddsp +++=       (5.1) 
Where sp means the spherical London type interaction, dd means electrostatic interaction, qq 
means the quadrupole-quadrupole interaction, and hh is the item that mimics the hydrogen bonds.  
 )exp()(),( 12
12
1221 zrr
A
rVXXV spspsp −==             If σ≥12r                                       
And  
∞=spV                If  σ<12r         (5.2) 
             112003
12
2
3
10 Φ−=
rdd
µV                          (5.3) 
             [ ]224222242222422224225
12
2
3
142 Φ+Φ+Φ+Φ= −−−−r
Q
qqV                                              (5.4) 
             V                      (5.5) ])[( 30320
303
20
033
02
033
20123 Φ−Φ−Φ+Φ= −−zrzkAhbhb
Where  
  molKJcmAsp /102925.0
2×−=
The value we used in this chapter is only one fourth of the value used in [59], for with the value 
used in [59], we cannot reproduce the structure of the liquid water. 
  molKJcmAhb /1019.0
2×−=
  cmz /108.6 8×=
mnl
µνΦ  are the generalized spherical harmonics.  And  
 )(
2
)(
2
1 xKx
xk
nn +
= π  
With  )(
2
1 xK n+
the modified spherical Bessel function of the third kind. 
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The closure relation for solving the OZ equation is  
 WXXVc +−= ),( 21β           (5.6) 
        (5.7) 
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And     
   2=σ  Å7.
  3
11
0 1079.3 ×−=σ
k
 
   11 =σz  0.100
   8
03
0 108.4 ×σ −=
k
 
   7
33
0 100.1 ×σ
k −=  
 In [59], the direct correlation function of water for high density (liquid density) was 
solved analytically, and here we solve the problem numerically with iteration method. The 
following is the procedure, which was suggested in [15]. 
 The OZ equation for liquid theory looks like 
 ∫=− )3()32()13(8)12()12( 2 dhcch πρ       (5.10) 
With the closure suggested by [59], Eq. (5.6)  
 Let ( = )12()12()12 ch −η  
 Eq. (5.10) turns into  
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 [ )3()32()32()13(
8
)12( 2 dcc∫ += ηπ ]ρη      (5.11) 
 Next we expand the items used in OZ equation on the basis of generalized spherical 
harmonics ([15]).  From (5.6) to (5.9) we find that the contributions needed are 
=),,,,( νµlnm )0,0,0,0,0( , ) 0,0,2,1,1( ,0,0,0,1,1( , ) 2,2,4,2,2 )( ±± , )2,0,3,3,0( ± , , )
)
0,2,3,0,3( ±
)2,2,0,3,3( ±± , ,) 2,2,6,3,3(2,2,4,3,3( ±± ±± . 
 ∑ ΩΩΦ=
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µνµν
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12211221 )ˆ,,()(),(
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mnlmnl RRcrrc vv     (5.12) 
 ∑ ΩΩΦ=
µν
µνµνηη
,
12211221 )ˆ,,()(),(
mnl
mnlmnl RRrr vv     (5.13) 
Because (5.10) contains the convolution term, we have to do the Fourier transformation of (5.12) 
and (5.13).  The Fourier transformation are done in two steps, first do the so called hat 
transformation, suggested by [12, 13] 
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Then do the Hankel transformation for the hat functions 
 67
                        for  even ∫∞= 0 02 )(ˆ)(4)( drrckrjrkc mnlmnl µνµν π l
        for l  odd    (5.16) ∫∞= 0 12 )(ˆ)(4)( drrckrjrikc mnlmnl µνµν π
Where and are the spherical Bessel functions of the zeroth and first order. )(0 krj )(1 krj
Then do the so-called χ transformation ([12, 13]) 
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All the forms a matrix under the following rules )(, kc
mn
χµν
     1)1( +++= µmmi  
 1)1( +++= νnnj         (5.18) 
With (5.18), (5.11) can be rewritten as a matrix equation 
      (5.19) [ 11)1()1( −+−+−=Ν χχχχχχ ρPCIPCC ]
Where the capital letter denotes the corresponding matrix and  
       µ)1(−=ijP
when  1)1( +−+= µmmi  and 1)1( +++= µmmj , and  
         for the other case. 0=ijP
With the known , we can find the .  Then do the inverse )(, kc
mn
χµν )(, k
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χµνη χ  transformation  
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Next do the inverse Hankel transformation 
     ∫∞= 0 022 )()(21)(ˆ dkkkrjkr mnlmnl µνµν ηπη     for  even l
  ∫∞= 0 122 )()(21) dkkkrjkr mnlµνηπη (ˆ mnlµν  for l  odd   (5.21) 
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Finally, the inverse hat transformation 
     ∫ −=
r
l
emnlmnlmnl dss
r
sPs
r
rr
0
2
3 )(ˆ
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1)(ˆ) µνµν ηηmnl (µνη  for l  even  (5.22) 
If we do (5.12) to (5.22) successively, we will finally get the numerical result of .  With 
the known ,  can be known easily.  We used the above numerical scheme, 
with the water model presented here, computed the water-water direct correlation function of the 
(0,0,0) component and shown in Fig. 17, because with the (0,0,0) component, it is easy to 
compare with either the simulation work or the experimental work. 
)(rmnlµνη
)(rmnlµνη )(ˆ rc mnlµν
 With the mass center direct correlation function, we can also get the radial density 
distribution function between oxygen atoms with the formula (95) in [58], which is shown in Fig. 
18. Compared with the experimental and simulation result in [60, 61], this result of oxygen-
oxygen radial density distribution function is qualitively correct. 
 For the low-density limit, only the dipole-dipole interaction plays the role.  We assume 
the water is only a hard core with a dipole embedded, therefore the calculation is much simplified 
and in Fig. 19 we show the direct correlation of the water-water mass center at low density case.  
In fact the line shape of the direct correlation function at even low density nearly does not change 
V.4. Interaction between Water and Substrate 
 In this chapter we use tetradecane as the substrate and the detailed information of the 
non-singular Van der Waals potential was discussed in  [6] and [7], in Fig. 20 we show the  
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FIG. 17. (0,0,0) component of water-water mass center direct correlation function, under 
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FIG. 18. Oxygen-oxygen radial density distribution for water under the density 
, temperature is 300K.  The unit in plot is . 32 Å/103.3 −× Å
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FIG. 19. (0,0,0) component of water-water mass center direct correlation function, under 
the density , temperature is 300K.  The unit in plot is . 36 Å/1045.2 −× Å
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FIG. 20. Interaction energy between a single water molecule and a spherical substrate 
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FIG. 21. Water adsorbed onto single nano spherical aerosol particle with radius , 
, , , at T=300K, and the background is 7 , which is nearly the 
saturated vapor density at this temperature, and with 
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FIG. 22. Water adsorbed onto single nano spherical aerosol particle with radius , 
, , , at T=300K, and the background is 7 , which is nearly the 
saturated vapor density at this temperature, and with 
Å10=r
Å20 Å50 Å100 37 Å/107. −×
2.0=xp . 
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FIG. 23. Water adsorbed onto single nano spherical aerosol particle with radius , 
, , , at T=300K, and the background is 7 , which is nearly the 
saturated vapor density at this temperature, and with 
Å10=r
Å20 Å50 Å100 37 Å/107. −×
5.0=xp . 
 
 
 
 
 76
 
 
 
 
 
 
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
0 1 2 3
z/σ
ρ
r=10Å
r=20Å
r=50Å
r=100Å
FIG. 24. Water adsorbed onto single nano spherical aerosol particle with radius , 
, , , at T=300K, and the background is 7 , which is nearly the 
saturated vapor density at this temperature, and with 
Å10=r
Å20 Å50 Å100 37 Å/107. −×
0.1=xp . 
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FIG. 25. Water adsorbed onto single nano spherical aerosol particle with radius , 
, , 100 , at T=300K, and the background is 38 , which is nearly five 
times the saturated vapor density at this temperature, and with 
Å10=r
Å20 Å50 Å 37 Å/105. −×
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interaction energy between a single water molecule a spherical substrate with different size.  It is 
clear shown in the plot that the interaction energy increases as the substrate size goes up. 
In order to consider the real case of aerosol particles released into the air, we have to put 
some oxidized sites onto the surface of the spherical substrates. This is because in the real case, 
some part of the surface of the spherical substrate may be oxidized or there are other atoms or 
molecules that have strong ability to adsorb water molecules. In order to mimic this situation, we 
follow [62], by assuming that once the water molecule enters a thin layer in the vicinity of the 
surface there is a possibility that a hydrogen bond will be formed, and we call the possibility 
variable xp , which varies from 0 to 1.  With the high possibility means that the surface is highly 
oxidized or the surface density of the other kind atoms or molecules is high. 
   if  KU 3600−= σ+< Rr                  (5.23) 
 Though (5.23) may not be very accurate, we think it may reflect the nature of the problem 
qualitively. 
 The non-singular Van der Waals potential plus short-ranged potential (5.23) forms the 
complete interaction potential between the nano spherical substrate and a single water molecule. 
V.5. Computational Details 
 The central task is to apply the (3.8) plus the interpolation rules, (3.13) or (3.14) for high-
density and low-density direct correlation function to the three-dimensional calculation. And we 
will list the main procedure in the following part. 
 For the interpolation function between the high density and low density we take the 
following form 
 0.0)( =ρf , 
 if  2≤ρ . 61045. −×
 , 32-2-5 320.140-100.235+1.345+10-0.033)( ρρρρ ××=f
 if  2 . 26 100.31045. −− ×≤≤× ρ
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   32 3201.134+316.912-10.853+-0.095)( ρρρρ =f
if  .                                                                                       (5.24) 2100.3 −×>ρ
The (0,0,0) component of the direct correlation function at high density and low density was used 
as listed in Fig. 17 and Fig. 19.  The reason why only (0,0,0) component is needed is because the 
interaction between the substrate and the water molecule in orientation independent, the integral 
of the other component over the angular variables would be zero (see [23-25]). 
 For the geometry configurations, of the one, two and three cases, are the same as 
mentioned in chapter IV. All the calculation were done at T=300K, which is the room 
temperature. 
V.6. Results and Discussion 
 First, we have computed water adsorbed onto single spherical substrate with different 
size, different oxidized surface coverage and different background densities. 
 From Fig. 21-Fig. 24, we may see that both the substrate size and the surface oxidized 
sites density have influence on the water adsorption.  When the surface oxidized site’s density is 
low, as plotted in Fig. 24, we may only see the development of the first peak, and in fact the 
formation of this peak is only because the existence of the surface oxidized sites.  The growth of 
the first peak is easily understood; this is because the surface oxidized sites may attract the water 
molecules in the air, the larger the substrate size, the larger the number of oxidized sites it may 
offer.  As the surface oxidized sites density increase, we may perceive the development of the 
second peak.  The formation of the second peak is due to the water molecules absorbed onto the 
surface.  If the absorbed water number is large enough and the background density of water vapor 
is high enough, we may imagine the onset of condensation.  In Fig. 24 we may see such a good 
example.  In Fig. 25 we may see the strong development of the second peak.  However, according 
to Kelvin equation, if P , which is nearly what we used in Fig. 25, r . The 
result from Kelvin equation seems contradictory with what we get in Fig. 25.  The discrepancy  
0.5/ 0 =PH Å46.6* =
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FIG. 26. Water adsorbed onto two identical nano spherical aerosol particles with radius 
, at T=300K, and the background is, , , , 
and with .  The density is plotted along the symmetry line of the two identical spheres. 
Å10=r 37 Å/107.7 −× 37 Å/101.23 −× 37 Å/105.38 −×
0.1=xp
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FIG. 27. Water adsorbed onto two identical nano spherical aerosol particles with radius 
, at T=300K, and the background is, , , , 
and with .  The density is plotted along the symmetry line of the two identical spheres. 
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FIG. 28. Water adsorbed onto two identical nano spherical aerosol particles with radius 
, at T=300K, and the background is, , , , 
and with .  The density is plotted along the symmetry line of the two identical spheres. 
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FIG. 29. Water adsorbed onto three identical nano spherical aerosol particles with radius 
, at T=300K, and the background is, , , , 
and with .  The density is plotted along the symmetry line of the two identical spheres.  
The angle formed by the three particles is . 
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FIG. 30. Water adsorbed onto three identical nano spherical aerosol particles with radius 
, at T=300K, and the background is, , , , 
and with .  The density is plotted along the symmetry line of the two identical spheres.  
The angle formed by the three particles is . 
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can be understood in this way, in Kelvin equation, the surface tension is used, which is a 
macroscopic quantity, and in our case, only less than three water layers are formed; there is not a 
surface, therefore the concept of surface tension cannot be used in our case.  Only many layers of 
water are formed, we may use the concept of surface tension safely.  Through Fig. 21-Fig. 24 we 
may also notice that the adsorption profiles for  and  are very close, and totally 
different from those of  and .  This very interesting phenomenon was stressed in 
[6] and [7], where it was called the size effect and this clearly tells us that the transition of the 
adsorption profiles occurs in the nano range.  As concluded in [6] and [7] when the substrate size 
is over 10nm, it may be treated as a plane and we may easily reach this conclusion here. 
Å50=r Å100=r
Å10=r Å20=r
 Fig. 26-Fig. 28 show the density profiles of water adsorbed onto two identical nano 
spherical aerosol particles with radius r , ,  at T=300K, and the 
background is, , , 38 , and with .  The density 
is plotted along the symmetry line of the two identical spheres.  It is clearly seen that the 
adsorption onto the two spheres are much stronger than the corresponding one sphere case.  From 
these plots we may conclude clusters of water form in the interstitial regions formed by the two 
spheres.  This result agrees with the results in [2], where they treat the macroscopic case.  
Because the proximity of the adjacent spheres exposes interstitial water to more oxidized sites 
than at a single sphere, it is easy to understand why the adsorption is stronger here.  This result 
show clearly that when treating the adsorption of water onto an aerosol released into the air, the 
one sphere model is not sufficient, because we already show in Fig. 26 to Fig. 28 that the two 
identical spheres structure can have much stronger adsorption than one sphere case. 
Å10=
3Å 5.
Å Å50=r20=r
7 Å/10−×37 Å/107.7 −× 7 /101.23 −× 3 0.1=xp
 From Fig. 29 and Fig. 30 we may find that the adsorption of water within the region 
formed by three identical aerosol particles are more complicated.  And from the plot we may find 
that the water molecules are beginning to fill in the region formed by the three identical aerosol 
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particles.  Yet the change is not so surprising from two to three sphere cases as that of from one to 
two sphere case. 
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CHAPTER VI 
 
CONCLUSION  
 In this dissertation we computed the argon adsorbed onto the one, two and three spherical 
substrates.  For one-sphere case, we found that as the substrate size increases, the adsorption will 
approach that of a planar case.  For the two-sphere case, the ring structure will be formed around 
the two-sphere rotational axis; as the substrate size increases some the ring structure will be more 
clearly shown.  For the three-sphere case, when the angle formed by the three spheres smaller 
than a certain, the clusters formed within the interstitial regions of the two two-sphere may be 
connected.  The results of two and three-sphere cases indicate that aggregates of the identical 
spherical substrates has a much stronger ability to take up the argon atoms than the single sphere 
case.  This trend was also found by the previous paper that works with macroscopic case ([2]).   
 We explore water adsorption onto aerosol particles; we find that the oxidized surface 
sites play an important role during the adsorption process. Those sites may be used to bond a 
certain number of water molecules onto the surface. With the bonded water, if other conditions 
are met, condensation may take place.  Also, the substrate size is also important, with the larger 
substrate, it may render more sites to bound water.  But when the substrate size is larger than 
10nm, we may treat it as a plane 
The aggregates of aerosol particles have much stronger ability to adsorb water than single 
spheres.  If we would like to treat the water vapor problem dealing with aerosol particles, we 
must first consider the aggregates rather than single sphere or we may reach misleading results. 
The results found in this dissertation agree with that of [2], but it is only a qualitive result, 
because so far we can only assume the very rough potential between the water and the oxidized 
sites.  Moreover, the water model we used in this chapter is only an empirical one.  The future 
improvement may towards these two directions.  
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